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2. Inverses for Modular Arithmetic: Greatest Common Divisor.
Division!!!

3. Euclid’s GCD Algorithm.
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Thm: Any subset S of the hypercube where |S| <|V|/2 has > |S]
edges connectingitto V- S; [ENSx (V- S)| > |S]

Terminology:
(S,V—-_S)iscut.
(ENSx(V-29)) - cut edges.

Restatement: for any cut in the hypercube, the number of cut edges
is at least the size of the small side.
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Induction Step. Case 2.

Thm: For any cut (S, V — S) in the hypercube, the number of cut
edges is at least the size of the small side, |S|.
Proof: Induction Step. Case 2.
1So| > | Vol /2.
Recall Case 1: |Sl,|S1] <|V|/2
|Si| < |Vi]/2 since |S| < |V]/2.
= >|S;| edges cutin E;.
[Sol = [Vol/2 = |Vo — S| < [V0|/2
= > |Vp| —|Sp| edges cut in Ey.
N Edges in Ex connect corresponding nodes.
= =|Sy| —|S1]| edges cut in Ey.

Total edges cut:
= [S1]+[Vo| = [Sol +[So| — [S1] = [ Vol
Vol = VI/2 > [S]. 0
Also, case 3 where |Sq| > |V|/2 is symmetric.
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set on boolean functions on {0,1}".
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The cuts in the hypercubes are exactly the transitions from 0 sets to 1
set on boolean functions on {0,1}".

Central area of study in computer science!
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Tree. Plus adding edge adds face.
Planar graphs: e <3v =6.
Count face-edge incidences to get 2e < 3f.
Replace f in Euler.
Coloring:
degree d vertex can be colored if d + 1 colors.

Small degree vertex in planar graph: 6 color theorem.

Recolor separate and planarity: 5 color theorem.
Graphs:

Trees: sparsest connected.

Complete:densest

Hypercube: middle.
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Modular Arithmetic.

Applications: cryptography, error correction.
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Key ideas for modular arithmetic.

Theorem: If d|x and d|y, then d|(y — x).

Proof:
x=ad, y=bd,
(x—y)=(ad—bd)=d(a—b) = d|(x—y).
0
Theorem: Every number n > 2 can be represented as a product of
primes.
Proof: Either prime, or n= a x b, and use strong induction. O

(Uniqueness? Later.)
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Poll

What did we use in our proofs of key ideas?

(A) Distributive Property of multiplication over addition.
(B) Euler’s formula.

(C) The definition of a prime number.

(D) Euclid’s Lemma.
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Next Up.

Modular Arithmetic.
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If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

16 is the “same as 4” with respect to a 12 hour clock system.
Clock time equivalent up to to addition/subtraction of 12.

What time is it in 100 hours? 101:00! or 5:00.
101 =12x8+5.
5 is the same as 101 for a 12 hour clock system.
Clock time equivalent up to addition of any integer multiple of 12.

Custom is only to use the representative in {12,1,...,11}
(Almost remainder, except for 12 and 0 are equivalent.)
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“Reduce” at any time in calculation!
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Poll

Mark true statements.

(A) Mutliplicative inverse of 2 mod 5 is 3 mod 5.

(B) The multiplicative inverse of ((n—1) (mod n) =((n—1) (mod n)).
(C) Multiplicative inverse of 2 mod 5 is 0.5.

(D) Multiplicative inverse of 4 = —1 (mod 5).

(E) (=1)x(—1) = 1. Woohoo.

(F) Multiplicative inverse of 4 mod 5 is 4 mod 5.
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(B
(G
(D
(E
(F
(

C) is false. 0.5 has no meaning in arithmetic modulo 5.
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Thm:
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Poll

Which is bijection?
(A) f(x) = x for domain and range being R
(B) f(x) = ax (mod n) for x € {0,...,n—1} and ged(a, n)

=2
(C) f(x) = ax (mod n) for x € {0,...,n—1} and ged(a,n) = 1

25/44



Poll

Which is bijection?

A) f(x) = x for domain and range being R
( ) f(x) = ax (mod n) for x € {0,...,n—1} and gcd(a, n) =
(C) f(x) = ax (mod n) for x € {0,...,n—1} and ged(a, n) =

(B) is not.

2
1

25/44



Only if

Thm: If ged(x, m) # 1 then x has no multiplicative inverse modulo m.

26/44



Only if

Thm: If ged(x, m) # 1 then x has no multiplicative inverse modulo m.
Assume the inverse of ais x~ 1, or ax =1+ km.

26/44



Only if

Thm: If ged(x, m) # 1 then x has no multiplicative inverse modulo m.
Assume the inverse of ais x~ 1, or ax =1+ km.
x=ndand m={dford>1.

26/44



Only if

Thm: If ged(x, m) # 1 then x has no multiplicative inverse modulo m.
Assume the inverse of ais x~ 1, or ax =1+ km.

x=nd and m={d ford > 1.
Thus,

26/44



Only if

Thm: If ged(x, m) # 1 then x has no multiplicative inverse modulo m.
Assume the inverse of ais x~1, or ax =1+ km.
x=nd and m=/{d ford > 1.
Thus,
a(nd) =

26/44



Only if

Thm: If ged(x, m) # 1 then x has no multiplicative inverse modulo m.
Assume the inverse of ais x~1, or ax =1+ km.
x=nd and m={d ford > 1.
Thus,
a(nd)=1+ktd

26/44



Only if

Thm: If ged(x, m) # 1 then x has no multiplicative inverse modulo m.
Assume the inverse of ais x~, or ax = 1+ km.
x=nd and m={d ford > 1.
Thus,
a(nd) =1+ k¢d or

26/44



Only if

Thm: If ged(x, m) # 1 then x has no multiplicative inverse modulo m.
Assume the inverse of ais x~, or ax = 1+ km.
x=nd and m={d ford > 1.
Thus,
a(nd) =1+ k¢d or
d(na—kt)=1.

26/44



Only if

Thm: If ged(x, m) # 1 then x has no multiplicative inverse modulo m.
Assume the inverse of ais x~ 1, or ax =1+ km.
x=ndand m={dford>1.

Thus,
a(nd) =1+ k¢d or
d(na—kt)=1.

But d > 1 and z= (na— k¢) € Z.

26/44



Only if

Thm: If ged(x, m) # 1 then x has no multiplicative inverse modulo m.
Assume the inverse of ais x~ 1, or ax =1+ km.
x=ndand m={dford>1.

Thus,
a(nd) =1+ k¢d or
d(na—kt)=1.

But d > 1 and z= (na— k() € Z.
so dz # 1 and dz = 1. Contradiction.

26/44



Only if

Thm: If ged(x, m) # 1 then x has no multiplicative inverse modulo m.
Assume the inverse of ais x~ 1, or ax =1+ km.
x=ndand m={dford>1.

Thus,
a(nd) =1+ k¢d or
d(na—kt)=1.

But d > 1 and z= (na— k¢) € Z.
so dz # 1 and dz = 1. Contradiction.

26/44



Finding inverses.

How to find the inverse?

27/44



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

27/44



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?
Find gcd (x, m).

27/44



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find gcd (x, m).
Greater than 1?

27/44



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?
Find gcd (x, m).

Greater than 1? No multiplicative inverse.

27/44



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?
Find gcd (x, m).

Greater than 1? No multiplicative inverse.

Equal to 1?

27/44



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?
Find gcd (x, m).

Greater than 1? No multiplicative inverse.

Equal to 1?7 Mutliplicative inverse.

27/44



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find gcd (x, m).
Greater than 1? No multiplicative inverse.
Equal to 1?7 Mutliplicative inverse.

Algorithm:

27/44



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find gcd (x, m).
Greater than 1? No multiplicative inverse.
Equal to 1?7 Mutliplicative inverse.

Algorithm: Try all numbers up to x to see if it divides both x and m.

27/44



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find gcd (x, m).
Greater than 1? No multiplicative inverse.
Equal to 1?7 Mutliplicative inverse.

Algorithm: Try all numbers up to x to see if it divides both x and m.

Very slow.

27/44



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find gcd (x, m).
Greater than 1? No multiplicative inverse.
Equal to 1?7 Mutliplicative inverse.

Algorithm: Try all numbers up to x to see if it divides both x and m.

Very slow.

27/44



Inverses

Next up.

28/44



Inverses

Next up.

28/44



Inverses

Next up.
Euclid’s Algorithm.

28/44



Inverses

Next up.

Euclid’s Algorithm.
Runtime.

28/44



Inverses

Next up.

Euclid’s Algorithm.
Runtime.
Euclid’s Extended Algorithm.

28/44



Refresh

Does 2 have an inverse mod 8?

29/44



Refresh

Does 2 have an inverse mod 8? No.

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9?

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes.

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5
2(5)=10=1 mod?9.

29/44



Refresh

Does 2 have an inverse mod 8? No.

Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5
2(5)=10=1 mod?9.

Does 6 have an inverse mod 9?

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5
2(5)=10=1 mod?9.

Does 6 have an inverse mod 9? No.

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5
2(5)=10=1 mod?9.

Does 6 have an inverse mod 9?7 No.
Any multiple of 6 is 3 away from 0+ 9k for any k € N.

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5
2(5)=10=1 mod?9.

Does 6 have an inverse mod 9?7 No.
Any multiple of 6 is 3 away from 0+ 9k for any k € N.
3=gcd(6,9)!

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5
2(5)=10=1 mod?9.

Does 6 have an inverse mod 9?7 No.
Any multiple of 6 is 3 away from 0+ 9k for any k € N.
3=gcd(6,9)!

X has an inverse modulo m if and only if

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5
2(5)=10=1 mod?9.

Does 6 have an inverse mod 9?7 No.
Any multiple of 6 is 3 away from 0+ 9k for any k € N.
3=gcd(6,9)!

X has an inverse modulo m if and only if
ged(x,m) >17?

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5
2(5)=10=1 mod?9.

Does 6 have an inverse mod 9?7 No.
Any multiple of 6 is 3 away from 0+ 9k for any k € N.
3=gcd(6,9)!

X has an inverse modulo m if and only if
ged(x,m) > 1? No.
ged(x,m)=17?

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5
2(5)=10=1 mod?9.

Does 6 have an inverse mod 9?7 No.
Any multiple of 6 is 3 away from 0+ 9k for any k € N.
3=gcd(6,9)!

X has an inverse modulo m if and only if
ged(x,m) > 1? No.
ged(x,m) =17 Yes.

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5
2(5)=10=1 mod?9.

Does 6 have an inverse mod 9?7 No.
Any multiple of 6 is 3 away from 0+ 9k for any k € N.
3 =gcd(6,9)!

X has an inverse modulo m if and only if
ged(x,m) > 1? No.
ged(x,m) =17 Yes.

Now what?:
Compute gcd!

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5
2(5)=10=1 mod?9.

Does 6 have an inverse mod 9?7 No.
Any multiple of 6 is 3 away from 0+ 9k for any k € N.
3 =gcd(6,9)!
X has an inverse modulo m if and only if
ged(x,m) > 1? No.
ged(x,m) =17 Yes.
Now what?:

Compute gcd!
Compute Inverse modulo m.

29/44



Refresh

Does 2 have an inverse mod 8? No.
Any multiple of 2 is 2 away from 0+ 8k for any k € N.

Does 2 have an inverse mod 9? Yes. 5
2(5)=10=1 mod?9.

Does 6 have an inverse mod 9?7 No.
Any multiple of 6 is 3 away from 0+ 9k for any k € N.
3 =gcd(6,9)!
X has an inverse modulo m if and only if
ged(x,m) > 1? No.
ged(x,m) =17 Yes.
Now what?:

Compute gcd!
Compute Inverse modulo m.

29/44



Divisibility...

Notation: d|x means “d divides x” or

30/44



Divisibility...

Notation: d|x means “d divides x” or
X = kd for some integer k.

30/44



Divisibility...

Notation: d|x means “d divides x” or
X = kd for some integer k.

Fact: If d|x and d|y then d|(x+y) and d|(x —y).

30/44



Divisibility...

Notation: d|x means “d divides x” or
X = kd for some integer k.

Fact: If d|x and d|y then d|(x+y) and d|(x —y).
Is it a fact?

30/44



Divisibility...

Notation: d|x means “d divides x” or
X = kd for some integer k.

Fact: If d|x and d|y then d|(x+y) and d|(x —y).
Is it a fact? Yes?

30/44



Divisibility...

Notation: d|x means “d divides x” or
X = kd for some integer k.

Fact: If d|x and d|y then d|(x+y) and d|(x —y).
Is it a fact? Yes? No?

30/44



Divisibility...

Notation: d|x means “d divides x” or
X = kd for some integer k.

Fact: If d|x and d|y then d|(x+y) and d|(x —y).
Is it a fact? Yes? No?

Proof: d|x and d|y or

30/44



Divisibility...

Notation: d|x means “d divides x” or
X = kd for some integer k.

Fact: If d|x and d|y then d|(x+y) and d|(x —y).
Is it a fact? Yes? No?

Proof: d|x and d|y or
x=/{d and y = kd

30/44



Divisibility...

Notation: d|x means “d divides x” or
X = kd for some integer k.

Fact: If d|x and d|y then d|(x+y) and d|(x —y).
Is it a fact? Yes? No?

Proof: d|x and d|y or
x=/{d and y = kd

= X—y=kd-{d

30/44



Divisibility...

Notation: d|x means “d divides x” or
X = kd for some integer k.

Fact: If d|x and d|y then d|(x+y) and d|(x —y).
Is it a fact? Yes? No?

Proof: d|x and d|y or
x=/{d and y = kd

= X—y=kd—td=(k-{)d

30/44



Divisibility...

Notation: d|x means “d divides x” or
X = kd for some integer k.

Fact: If d|x and d|y then d|(x+y) and d|(x —y).
Is it a fact? Yes? No?

Proof: d|x and d|y or
x=/{d and y = kd

= X—y=kd—{d=(k—{)d = d|(x—Y)

30/44



Divisibility...

Notation: d|x means “d divides x” or
X = kd for some integer k.

Fact: If d|x and d|y then d|(x+y) and d|(x —y).
Is it a fact? Yes? No?

Proof: d|x and d|y or
x=/{d and y = kd

= X—y=kd—{ld=(k—{)d = d|(x—VY)

30/44



More divisibility

Notation: d|x means “d divides x” or

31/44



More divisibility

Notation: d|x means “d divides x” or
X = kd for some integer k.

31/44



More divisibility

Notation: d|x means “d divides x” or
X = kd for some integer k.

Lemma 1: If d|x and d|y then d|y and d| mod (x,y).

31/44



More divisibility
Notation: d|x means “d divides x” or
X = kd for some integer k.

Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:
mod (x,y) = X—|x/y|-y

31/44



More divisibility
Notation: d|x means “d divides x” or
X = kd for some integer k.

Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:

mod (X,y) = X—[x/y]|-y
= Xx-—s-y forintegers

31/44



More divisibility

Notation: d|x means “d divides x” or
X = kd for some integer k.

Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:
mod (X,y) = x—[x/yl|-y
= x-—s-y forintegers
kd —std forintegers k,¢ where x = kd and y = ¢d

31/44



More divisibility
Notation: d|x means “d divides x” or
X = kd for some integer k.
Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:
mod (X,y) = Xx—[x/y]|-y

= x-—s-y forintegers
= kd—sld forintegers k,¢ where x = kd and y = ¢d
= (k—st)d

31/44



More divisibility

Notation: d|x means “d divides x” or
X = kd for some integer k.

Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:
mod (x,y) = Xx—[x/y]-y
= x-—s-y forintegers
= kd—sld forintegers k,¢ where x = kd and y = ¢d
= (k—st)d
Therefore d| mod (x,y).

31/44



More divisibility
Notation: d|x means “d divides x” or
X = kd for some integer k.
Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:
mod (x,y) = x—[x/y]-y

= x-—s-y forintegers
= kd—sld forintegers k,¢ where x = kd and y = ¢d
= (k—st)d

Therefore d| mod (x,y). And d|y since it is in condition.

31/44



More divisibility
Notation: d|x means “d divides x” or
X = kd for some integer k.
Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:
mod (x,y) = x—[x/y]-y

= x-—s-y forintegers
= kd—sld forintegers k,¢ where x = kd and y = ¢d
= (k—st)d

Therefore d| mod (x,y). And d|y since it is in condition. O

31/44



More divisibility

Notation: d|x means “d divides x” or

X = kd for some integer k.
Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:
mod (x,y) = x—[x/y]-y
= x-—s-y forintegers
kd —std forintegers k,¢ where x = kd and y = ¢d
= (k—st)d

Therefore d| mod (x,y). And d|y since it is in condition. O

Lemma 2: If d|y and d| mod (x,y) then d|y and d|x.
Proof...: Similar.

31/44



More divisibility

Notation: d|x means “d divides x” or

X = kd for some integer k.
Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:
mod (x,y) = x—[x/y]-y
= x-—s-y forintegers
kd —std forintegers k,¢ where x = kd and y = ¢d
= (k—st)d

Therefore d| mod (x,y). And d|y since it is in condition. O

Lemma 2: If d|y and d| mod (x,y) then d|y and d|x.
Proof...: Similar. Try this at home.

31/44



More divisibility

Notation: d|x means “d divides x” or

X = kd for some integer k.
Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:
mod (x,y) = x—[x/y]-y
= x-—s-y forintegers
kd —std forintegers k,¢ where x = kd and y = ¢d
= (k—st)d

Therefore d| mod (x,y). And d|y since it is in condition. O

Lemma 2: If d|y and d| mod (x,y) then d|y and d|x.
Proof...: Similar. Try this at home. Oish.

31/44



More divisibility

Notation: d|x means “d divides x” or

X = kd for some integer k.
Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:
mod (x,y) = x—[x/y]-y
= x-—s-y forintegers
kd —std forintegers k,¢ where x = kd and y = ¢d
= (k—st)d

Therefore d| mod (x,y). And d|y since it is in condition. O

Lemma 2: If d|y and d| mod (x,y) then d|y and d|x.
Proof...: Similar. Try this at home. Oish.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

31/44



More divisibility

Notation: d|x means “d divides x” or

X = kd for some integer k.
Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:
mod (x,y) = x—[x/y]-y
= x-—s-y forintegers
kd —std forintegers k,¢ where x = kd and y = ¢d
= (k—st)d

Therefore d| mod (x,y). And d|y since it is in condition. O

Lemma 2: If d|y and d| mod (x,y) then d|y and d|x.
Proof...: Similar. Try this at home. Oish.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).
Proof: x and y have same set of common divisors as x and
mod (x,y) by Lemma 1 and 2.

31/44



More divisibility

Notation: d|x means “d divides x” or

X = kd for some integer k.
Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:
mod (x,y) = x—[x/y]-y
= x-—s-y forintegers
kd —std forintegers k,¢ where x = kd and y = ¢d
= (k—st)d

Therefore d| mod (x,y). And d|y since it is in condition. O

Lemma 2: If d|y and d| mod (x,y) then d|y and d|x.
Proof...: Similar. Try this at home. Oish.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).
Proof: x and y have same set of common divisors as x and
mod (x,y) by Lemma 1 and 2.

Same common divisors = largest is the same.

31/44



More divisibility

Notation: d|x means “d divides x” or

X = kd for some integer k.
Lemma 1: If d|x and d|y then d|y and d| mod (x,y).
Proof:
mod (x,y) = x—[x/y]-y
= x-—s-y forintegers
kd —std forintegers k,¢ where x = kd and y = ¢d
= (k—st)d

Therefore d| mod (x,y). And d|y since it is in condition. O

Lemma 2: If d|y and d| mod (x,y) then d|y and d|x.
Proof...: Similar. Try this at home. Oish.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

Proof: x and y have same set of common divisors as x and

mod (x,y) by Lemma 1 and 2.

Same common divisors — largest is the same. O

31/44



Euclid’s algorithm.
GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).
Hey, what's gcd(7,0)?

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).
Hey, what's gcd(7,0)? 7

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).
Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0
What'’s gcd(x,0)?

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0
What'’s gcd(x,0)? X

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0
What'’s gcd(x,0)? X

(define (euclid x vy)
(if (= y 0)
b4
(euclid y (mod x y)))) ***

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).
Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0
What'’s gcd(x,0)? X

(define (euclid x vy)
(if (= y 0)
b4
(euclid y (mod x y)))) ***

Theorem: (euclid x y) = gcd(x,y) if x > y.

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).
Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0
What'’s gcd(x,0)? X

(define (euclid x vy)
(if (= y 0)
X
(euclid y (mod x y)))) ***

Theorem: (euclid x y) = gcd(x,y) if x > y.
Proof: Use Strong Induction.

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0
What'’s gcd(x,0)? X

(define (euclid x vy)
(if (= y 0)
X
(euclid vy (mod x y)))) *x%
Theorem: (euclid x y) = gcd(x,y) if x > y.

Proof: Use Strong Induction.
Base Case: y =0, “x divides y and x”

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0
What'’s gcd(x,0)? X

(define (euclid x vy)
(if (= y 0)
X
(euclid y (mod x y)))) ***

Theorem: (euclid x y) = gcd(x,y) if x > y.

Proof: Use Strong Induction.
Base Case: y =0, “x divides y and x”
= “x is common divisor and clearly largest.”

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0
What'’s gcd(x,0)? X

(define (euclid x vy)
(if (= y 0)
X
(euclid y (mod x y)))) ***

Theorem: (euclid x y) = gcd(x,y) if x > y.
Proof: Use Strong Induction.
Base Case: y =0, “x divides y and x”

= “x is common divisor and clearly largest.”
Induction Step: mod (x,y) <y <xwhenx >y

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0
What'’s gcd(x,0)? X

(define (euclid x vy)
(if (= y 0)
X
(euclid vy (mod x y)))) ***

Theorem: (euclid x y) = gcd(x,y) if x > y.

Proof: Use Strong Induction.
Base Case: y =0, “x divides y and x”

= “x is common divisor and clearly largest.”
Induction Step: mod (x,y) <y <xwhenx >y

call in line (***) meets conditions plus arguments “smaller”

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0
What'’s gcd(x,0)? X

(define (euclid x vy)
(if (= y 0)
X
(euclid y (mod x y)))) ***

Theorem: (euclid x y) = gcd(x,y) if x > y.
Proof: Use Strong Induction.
Base Case: y =0, “x divides y and x”

= “x is common divisor and clearly largest.”
Induction Step: mod (x,y) <y <xwhenx >y

call in line (***) meets conditions plus arguments “smaller”
and by strong induction hypothesis

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0
What'’s gcd(x,0)? X

(define (euclid x vy)
(if (= y 0)
X
(euclid y (mod x y)))) ***

Theorem: (euclid x y) = gcd(x,y) if x > y.

Proof: Use Strong Induction.
Base Case: y =0, “x divides y and x”

= “x is common divisor and clearly largest.”
Induction Step: mod (x,y) <y <xwhenx >y

call in line (***) meets conditions plus arguments “smaller”
and by strong induction hypothesis
computes gcd(y, mod (x,y))

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0
What'’s gcd(x,0)? X

(define (euclid x vy)
(if (= y 0)
X
(euclid y (mod x y)))) ***

Theorem: (euclid x y) = gcd(x,y) if x > y.

Proof: Use Strong Induction.
Base Case: y =0, “x divides y and x”

= “x is common divisor and clearly largest.”
Induction Step: mod (x,y) <y <xwhenx >y

call in line (***) meets conditions plus arguments “smaller”
and by strong induction hypothesis
computes gcd(y, mod (x,y))

which is gcd(x, y) by GCD Mod Corollary.

32/44



Euclid’s algorithm.

GCD Mod Corollary: gcd(x,y) =gcd(y, mod (x,y)).

Hey, what's gcd(7,0)? 7 since 7 divides 7 and 7 divides 0
What'’s gcd(x,0)? X

(define (euclid x vy)
(if (= y 0)
X
(euclid y (mod x y)))) ***

Theorem: (euclid x y) = gcd(x,y) if x > y.

Proof: Use Strong Induction.
Base Case: y =0, “x divides y and x”

= “x is common divisor and clearly largest.”
Induction Step: mod (x,y) <y <xwhenx >y

call in line (***) meets conditions plus arguments “smaller”
and by strong induction hypothesis
computes gcd(y, mod (x,y))
which is gcd(x, y) by GCD Mod Corollary. O

32/44



Excursion: Value and Size.

Before discussing running time of gcd procedure...

33/44



Excursion: Value and Size.

Before discussing running time of gcd procedure...
What is the value of 1,000,0007?

33/44



Excursion: Value and Size.

Before discussing running time of gcd procedure...
What is the value of 1,000,0007?
one million or 1,000,000!

33/44



Excursion: Value and Size.

Before discussing running time of gcd procedure...
What is the value of 1,000,0007?

one million or 1,000,000!

What is the “size” of 1,000,000?

33/44



Excursion: Value and Size.

Before discussing running time of gcd procedure...
What is the value of 1,000,0007?

one million or 1,000,000!

What is the “size” of 1,000,000?

Number of digits in base 10: 7.

33/44



Excursion: Value and Size.

Before discussing running time of gcd procedure...
What is the value of 1,000,0007?

one million or 1,000,000!

What is the “size” of 1,000,000?

Number of digits in base 10: 7.

Number of bits (a digit in base 2): 21.

33/44



Excursion: Value and Size.

Before discussing running time of gcd procedure...
What is the value of 1,000,0007?

one million or 1,000,000!

What is the “size” of 1,000,000?

Number of digits in base 10: 7.

Number of bits (a digit in base 2): 21.

For a number x, what is its size in bits?

33/44



Excursion: Value and Size.

Before discussing running time of gcd procedure...
What is the value of 1,000,0007?

one million or 1,000,000!

What is the “size” of 1,000,000?

Number of digits in base 10: 7.

Number of bits (a digit in base 2): 21.

For a number x, what is its size in bits?

n = b(x) ~ logs X

33/44



Excursion: Value and Size.

Before discussing running time of gcd procedure...
What is the value of 1,000,0007?

one million or 1,000,000!

What is the “size” of 1,000,000?

Number of digits in base 10: 7.

Number of bits (a digit in base 2): 21.

For a number x, what is its size in bits?

n = b(x) ~ logs X

33/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good?

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good? Better than trying all numbers in {2,...y/2}7?

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good? Better than trying all numbers in {2,...y/2}7?
Check 2,

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good? Better than trying all numbers in {2,...y/2}7?
Check 2, check 3,

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good? Better than trying all numbers in {2,...y/2}7?
Check 2, check 3, check 4,

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good? Better than trying all numbers in {2,...y/2}7?
Check 2, check 3, check 4, check 5 ..., check y/2.

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good? Better than trying all numbers in {2,...y/2}7?
Check 2, check 3, check 4, check 5 ..., check y/2.

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good? Better than trying all numbers in {2,...y/2}7?

Check 2, check 3, check 4, check 5 ..., check y/2.

If y ~x

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good? Better than trying all numbers in {2,...y/2}7?

Check 2, check 3, check 4, check 5 ..., check y/2.

If y =~ x roughly y uses n bits

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good? Better than trying all numbers in {2,...y/2}7?
Check 2, check 3, check 4, check 5 ..., check y/2.

If y =~ x roughly y uses n bits ...
21 divisions! Exponential dependence on size!

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good? Better than trying all numbers in {2,...y/2}7?
Check 2, check 3, check 4, check 5 ..., check y/2.

If y =~ x roughly y uses n bits ...
21 divisions! Exponential dependence on size!

101 bit number.

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good? Better than trying all numbers in {2,...y/2}7?
Check 2, check 3, check 4, check 5 ..., check y/2.

If y =~ x roughly y uses n bits ...
21 divisions! Exponential dependence on size!

101 bit number. 2190 =~ 1030 = “million, trillion, trillion” divisions!

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good? Better than trying all numbers in {2,...y/2}7?
Check 2, check 3, check 4, check 5 ..., check y/2.

If y =~ x roughly y uses n bits ...
21 divisions! Exponential dependence on size!

101 bit number. 2190 =~ 1030 = “million, trillion, trillion” divisions!
2nis much faster!

34/44



Euclid procedure is fast.

Theorem: (euclid x y) uses 2n "divisions” where n = b(x) ~ logy X.
Is this good? Better than trying all numbers in {2,...y/2}7?
Check 2, check 3, check 4, check 5 ..., check y/2.

If y =~ x roughly y uses n bits ...
21 divisions! Exponential dependence on size!

101 bit number. 2190 =~ 1030 = “million, trillion, trillion” divisions!

2nis much faster! .. roughly 200 divisions.

34/44



Poll.

Assume log, 1,000,000 is 20 to the nearest integer.
Mark what’s true.

35/44



Poll.

Assume log, 1,000,000 is 20 to the nearest integer.
Mark what’s true.

(A) The size of 1,000,000 is 20 bits.

(B) The size of 1,000,000 is one million.
(C) The value of 1,000,000 is one million.
(D) The value of 1,000,000 is 20.

35/44



Poll.

Assume log, 1,000,000 is 20 to the nearest integer.
Mark what’s true.

(A) The size of 1,000,000 is 20 bits.

) The size of 1,000,000 is one million.

) The value of 1,000,000 is one million.
) The value of 1,000,000 is 20.
)

B
(C
(D
(A) and (C).

35/44



Poll

Which are correct?

(A) gcd(700,568) = ged (568,132)
(B) gcd(8,3) = gcd(3,2)

(C) gcd(8, 3)_1
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Notice: The first argument decreases rapidly.
At least a factor of 2 in two recursive calls.

(The second is less than the first.)
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Remark

(define (euclid x y) (if (= vy 0) x (euclidy (- x vy))))
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Finding an inverse?

We showed how to efficiently tell if there is an inverse.
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Euclid’s GCD algorithm.

(define (euclid x vy)
(if (= y 0)
x
(euclid y (mod x y))))

Computes the ged(x,y) in O(n) divisions.

For x and m, if gcd(x, m) = 1 then x has an inverse modulo m.
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Multiplicative Inverse.

GCD algorithm used to tell if there is a multiplicative inverse.
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